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Æ
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∫
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ΦTσ(u0, p0)n da,
+] ,
°f!jj
s0
~vKuy  ~W©cxvwf!j{zjy!jutpqÌj  xGxz  pqy[u_vwj~x©Dvf!j~vwwr!vr!wut  pq~|!tIu_ji:jy¥v±
ÅövjÑTr!pqtpq!wu_vj~(vf!j0ª[r}p  tqx¥u  u_vgvf!j
pyTvwj©Buj
γ
±
%Ó 2¢!¡ 	 ´½
[¶ÚÂ}¸¹-½B³¿ÁdÄ»¸¹
Áw¸  ¼¶
[¶¹K¶½
[¶ÁK¾´ $G¹¸½]³¿¾´Ï¸½Ë½
[¶¶ G³µÄ ³ ¹-³ 
Ω
³ ´·¾9´ 	ÂM¹¾$ Äq¶  +  , ¸´! +] , ¸¹¶G´·ÁK¾ îÂMÄq¶  ¼¶K¶:´ ¶¹-³¿Áw¸ÄÚ¶Â[¶¹³¶´[½ 
 ¶Äq¾! )¾Ú¶"¶¹ 	Y³µ´ G¶´·¶¹w¸Ä 	Y½
[¶¶ d³µÄ ³ ¹-³  ÁK¾´ $d¹¸½B³¿¾´
Ω
G¶ÈÂ[¶´!  ¾´ ½#
[¶
 ½]¹	[Á½ G¹¸Ä ³ ÈÂMÄ»¸GÁK¶¶´[½
s0
	¸´!½#
[¶´nÂM¹¾$ Äq¶  5+  , ¸´!+¿ , ¸¹¶  ½]¹¾´ÄkÁK¾ ¼ÂMÄq¶
  ¼¶K¶%$'&()
ÅÈykvf!p~Ú|[u|MjW°ÚjY©cxdr!~Úxzykvf!jYyGr}ikjwpqut~wxztr}vpxzy:x©vf!j{©cxztqtx¼°pqy!
ÑTr[u  wu_vp
jpqjy¥®_utqr!j:|!xz!tqji nÍ!y  vf!jk|!r!t~u_vwpqxzy
λ ∈ C
Æ6vf!jk|Djvr}w[u_vwpqxzy®zjtxdpvÈ
u :
Ωf −→ C3
Æ·|!j~~wr!j
p : Ωf −→ C
uy Î pq~|!tIu_ji:jy¥v|[uu_ikjvwpÌPu_vwpqxzy
s ∈ Cn
s Æ
°pvf
(u, p, s) 6= 0
Æ!~r!Kfvwf[u_v
ÝcÞßÝcà
²"³µ´·¶w¸¹. ½¿¸ ³µÄ ³µ½%¸´M¸Ä  ³ 
³µ´d³ 4  ½B¹	Á½d¹¶³µ´[½È¶¹w¸GÁ½B³¿¾´ 
∇u0u+∇uu0 − 2ν div ε(u) +
1
ρ
∇p = λu,
py
Ωf ,
div u = 0,
pqy
Ωf ,
u = 0,
xy
Γin,
σ(u, p)n = 0,
xzy
Γout,
u = −λΦs−∇u0Φs,
xy
γ,
λ2 M s+
(
K+ B0
)
s = −
∫
γ
ΦTσ(u, p)n da,
+
 ,
°f!jj
M
u_y 
K
 jy!x_vjÆTj~w|Mjvp»®zjt»zÆzvwf!j(vKuy}zjy¥vpqutGiu~~9uy  ~vp Dy!j~w~9iku_vpqj~
x©}vwf!jÚ~vwr}vr}wj(u_y 
B0
pq~6u
ns×ns
wjPu_tGjxzi:jvwwpqiku_vp»DÆzp®jys¥
vf}j$©cxzttqx¼°pqy!
jd|!wj~w~pqxzy 
B0ij =
∫
γ
{
∇σ(u0, p0)ϕjn + σ(u0, p0)
[
I divϕj − (∇ϕj)
T
]
n
}
· ϕi da,
+cl ,
©cxz
1 ≤ i, j ≤ ns
±
oG|Djvwut9|!xz!tqji + 
 , u_wpq~j~Ç©cxzi vf}j:tpqy!ju0~vu!ptqpvÈÏuy[u_tG~wp~0x©$vwf!j&ª[r!p G¬
~vr!vwr!wjjÑTr!pqtpq!pqr!i=~vKu_vwj
(u0, p0, s0)
Æ·~u_vwpq~©µGpy!%jÑTr[uvpqxy!~ + , uy  +] , ±
egf!p~
jpqjy!|!xz!tji °Úu~  jp®j  pqy"uv{Å  ¼dÆModjvwpqxzy 
}± 
 +B~jjutq~x »¼dÆMÚf[u|}vwjl$ ,
T:xzin!py!pqy!
vf}j  #py!jPupqÌu_vpxzy:pqy!pq|!tj{u_|!|!wxzuKf +B~jj  z , °pvf:vf!jYwjjy¥v
tqpqy}jPupqÌPuvpqxy ikjvf!x   j®zjtqxz|Mj  py  Pl!Æî¿Æ(|!uvwpqr}tIut ~r!pvwj  ©cxk|!xz!tji:~
pqy¥®zxzt»®Gpqy!&i:xî®Gpy!&Dxzr}y  upqj~±ÚÅÈyvf!p~°ÚuPzÆvf!j)uMx¼®zj~vju  jÑGr}pqtqp!wpr!i ~vKuvj
°pqtqtMMj)xzy!~p  jwj  tpqy!juwt»u_~Gik|dvxvwpqPu_tqt:~vKu!tjÆ!p»©jpqjy!|!xz!tji + 
 ,Ú xGj~gy}xv
f[uP®zj%jpqzjyT®_utr!j~
°pvwf2y!j¥u_vwp®zjkwjut|[uv± Yx¼°Új®zjÆ9vf!p~~vju  ~vKuvj&°pqtqtMj
vjikj  r!y!~vKu!tjgp©[vwf!jjgjdpq~v~ÆGu_vËtqjPu_~vPÆxzy!jgjpzjy¥®_utr!jÚ°pvwfy!jzu_vp»®zj(jPut!|!uv±
%Ó 2¢!¡    
[¶{½B¹¸´  ÈÂM³µ¹w¸½B³¿¾´  ¾ G´!¥¸¹&ÁK¾´!³µ½]³¿¾´ + 
 ,
5
¸´!n½#
[¶Ç¸ ¾"¶B¸22G¶
 ½]³ ´·¶    :¸½]¹-³ 
B0
ÁK¾¶
	-¹¾Ê½#
[¶ G¶K¾¶½B¹³¿Á{³µ´[½È¶¹¸GÁ½]³¿¾´  ¶½Ú¶K¶´½#
[¶d³ &¸´!
½#
[¶  ½]¹	[Á½ G¹¶	¹¶	P¶¹n½ ¾ $ 		( 	{¸´!½¿¸ ¥¶³µ´[½È¾¸GÁKÁK¾ G´[½(½#
[¶YÂ[¾   ³ Äq¶ ¾½B³¿¾´
¾	0½#
[¶)³µ´[½È¶¹	¸GÁK¶ 
ßß=ê$#&% ('Pÿ
   Î³$[¶Ä 
´G¶Ä6¶¹-´´!G¶wº
	"À(¸½B¹-³¿Á²¶¸ÄµÄq¶KÁ
  ; (	"#(
<

Y©µvjWvwf!jiku_vwf!jiku_vpPut!uy[ut»d~pq~Wwj|Dxzvj  pqy"uv(Å  ¼}Æ}odjvpxzyl¿ÆT°Úju ! j~~Æ
pqy%vf}pq~g~wjvwpqxzyÆdvf!j0Í[y!p»vjÇjtqjikjyTv  pq~wwjvpqÌu_vpxzyx©'vf}j)jpqzjy¥®u_tqr!jÇ|}wxz!tji + 
 , ±
¦ jÍ[w~v"j°pvj9vwf!j  öª[r!p  |!uv x© + 
 , py)®_upIu_vwpqxzy!ut_©cxzi uy  vf!jy°$j$|}wxz|Mxz~wj$u
~vKu_!pqtpqÌj  Í[y!pvwjjtqjikjy¥v(u|}|!wxPdpqiku_vpxzy± Ù pqy!utqt»zÆ_°$j|}wx¼®Gp  jvf!j{xwwj~w|Mxzy  py!
iu_vwwp ©cxzinr!tqu_vpxzyÆ¥°f!pqKftqju  ~gvx:u~w|!uw~jzjy!jwutqpÌj  jpqzjy¥®u_tqr!j0|!xz!tji±
 
				
ÅÈy vf!j~wjÑTr!jtÇ°ÚjÏxzy!~p  j©cr!y!vpxzy!~  jÍ[y!j  pqy Mxzr!y  j  ~wr}!~wjv~x©
R3
Æ{uy 
vKu$Tpqy}(®u_tqr!j~py0vf!jxik|!tjÍ[jt 
C
±egfGr}~Æzu_tqt
Lp
uy  odxzMxztqj®Ç~w|!uj~"u|}|Djuwpy!
pqyÎvf}pq~0~wjvwpqxzy§ujnvKu$_jy§u~
xzi:|!tj®zjvxz
~|[uj~
x©$©cr}y!vwpqxzy!~Ç°p»vfbxzik|}tqj
®u_tqr!j~Æ¥~wjj  ¼¿± #jv
Ω
Dju_ykxz|Mjy&Mxzr!y  j  ~wr!!~jv$x©
R3
Æz°p»vf&tqxGPutt #pq|!~Kf!pvwÌ
xzy¥vpyTr!xzr!~Mxzr!y  u_
Γ = Γin ∪ Γout
± ¦ j¨u_~w~wr}ikjbvf!u_v
Ωs
pq~u y!xy ¬ jik|}vÈ
xzy!y}jvwj  x|Djy ~wr!}~wjvx©
Ω
Æ(°p»vf«tqxGPutt #p|!~wKf!p»vÌxzy¥vwpqyTr!xzr!~:Mxzr!y  u_
γ
Æ
uy  ~wr!Kfvf[uv
Ω
s
⊂ Ω
Æ[~wjj
Í[zr}wj&z±
ÅÈy¥vwwx  r!py!vf!j&Kf[uy}zjkx_©$®_upIu!tj~
z = −λs
Æ'jpqjy!|!xz!tji +
 , vKu$_j~
vf!j
©cxztqtxî°py!Ïvwu  p»vpxzy[utW©cxzwi +c~wjjÎut~wx§"uvÅ »P}Ægodjvwpqxzy«l!±Ãd±( , Í[y 
λ ∈ C
Æ
u : Ωf −→ C3
Æ
p : Ωf −→ C
uy 
s, z ∈ Cn
s Æ!°p»vf
(u, p, s, z) 6= 0
Æ[~wr}Kfvf!u_v
ρ
(
∇u0u+∇uu0
)
− 2µ div ε(u) +∇p = λρu,
py
Ωf ,
div u = 0,
py
Ωf ,
u = 0,
xzy
Γin,
σ(u, p)n = 0,
xzy
Γout,
u = Φz −∇u0Φs,
xy
γ,
−z = λs,
(
K+ B0
)
s +
∫
γ
ΦTσ(u, p)n da = λM z.
+] ,
¦ j
xzy}~wp  jgvf!j0©cxzttqx¼°pqy}nxzi:|!tjoGxzDxtqj®~w|[u_j~(
H1Γin(Ω
f) =
{
v ∈ H1(Ωf)|v = 0,
xzy
Γin
}
,
H1Γin∪γ(Ω
f) =
{
v ∈ H1(Ωf)|v = 0,
xzy
Γin ∪ γ
}
,
ÝcÞßÝcà
²"³µ´·¶w¸¹. ½¿¸ ³µÄ ³µ½%¸´M¸Ä  ³ 
³µ´d³ 4  ½B¹	Á½d¹¶³µ´[½È¶¹w¸GÁ½B³¿¾´  
uy  u:tpqy!ju(xzy¥vpqyTr!xr!~tqp©µvÚxz|Mjuvxz
R : H
1
2 (γ)3 −→ H1Γin(Ω
f)3.
+B ,
$<inr!t»vpq|}tGpqy!bjÑTr[u_vpxzy +] ,
1
¥
v ∈ H1Γin∪γ(Ω
f)3
Æ(pqy¥vjzuvpqy}¥<|[uv~uy 
vKu$Tpqy}kpyTvwx%uxzr}yTvYvf!j)Mxzr!y  u_xzy  pvwpqxzy!~Æ[°Újzjv{vf[uvjpqzjyT®_utr!j)|!wxz}tqji
+¿ , uy§Djn°pvwvwjyÆr}y  j0®_upIu_vwpqxzy[u_t'©cxwiÆpqybvf}jn©cxztqtxî°py!°ÚuP ÇÍ!y 
λ ∈ Cuy 
(u, p, s, z) 6= 0
py
H1(Ωf)3 × L2(Ωf)× Cn
s
× Cn
s ~wr}Kfvf!u_v
u− R(Φz −∇u0Φs) ∈ H
1
Γin∪γ
(Ωf)3,
a(u, v) + b(p, v) = λd(u, v), ∀v ∈ H1Γin∪γ(Ω
f)3,
b(q, u) = 0, ∀q ∈ L2(Ωf),
−z = λs,
(
K+ B0
)
s+
∫
γ
ΦTσ(u, p)n da = λM z,
+] ,
°pvfy!x_vKu_vwpqxzy
a(u, v) = ρ(∇u0u+∇uu0, v̄)0,Ωf + 2µ(ε(u), ε(v̄))0,Ωf ,
d(u, v) = ρ(u, v̄)0,Ωf ,
b(p, v) = −(p, div v̄)0,Ωf .
¯{xvj0vwf[u_vgvf}j)~r!©Bu_j
pqy¥vjzu_tpqy +¿ ,
5
Æ
∫
γ
ΦTσ(u, p)n da,
+   ,
inr!~vÇDjnvu$jy§pyÏvf}j~wjy}~)x_©
H−
1
2 (Γ ∪ γ)n
s Æp]± j_±
vwf!j
i
¬ vf¨xzik|Mxzy!jy¥v0x© +   , p~
 jÍ[y}j  u_~
∫
γ
(
σ(u, p)n
)
· ϕi da = 〈σ(u, p)n, χγ(ϕi)〉
H
−
1
2 (Γ∪γ),H
1
2 (Γ∪γ)
,
©cxz
i = 1, . . . , ns
uy  °pvf
χγ(ϕ) =
{
0
xzy
Γ
ϕ
xzy
γ
.
ßß=ê$#&% ('Pÿ
¼  Î³$[¶Ä 
´G¶Ä6¶¹-´´!G¶wº
	"À(¸½B¹-³¿Á²¶¸ÄµÄq¶KÁ
egf!pq~  jÍ[y!p»vpqxyiku$_j~~wjy!~wj)DjPur}~wjÆ[©cxzi +¿ ,
2
Æ
div σ(u, p) ∈ L2(Ωf),
+   ,
uy  vwf!jy
σ(u, p)n ∈ H−
1
2 (Γ∪γ)
ÆG~wjj{©cxzWpqy!~vKuy!j  $
]±ËÅÈyu  p~wjvwjY©cu_ikj°Úxz 
vf!p~"xy  pvwpqxzy  xGj~"y}xvËzjy!jwutqt»)f!xzt  ±6egf!jwj©cxzwj_Æz°Új(f!u¼®j(vxÇ~|Djp»©µpqzxwxzr!~t
vf!j  pq~wjvjxzr}yTvwj|[uv%x© +   , ± (u~wpPuttÆWvwf!jÏp  jPu§xzy!~pq~v~py«vwwju_vpy!§vwf!j
~wr!©Buj§pqy¥vjzu_t
u~Ïu ®_uwpqu_vpxzy[utYwj~wp  r[ut¿Æ~wjj     ]±ÅÈy  jj  Æ
¥Éinr!t»vpq|}tGpqy!
+¿ ,
1
¥
R(ϕi)
Æpqy¥vwjzwu_vpy! ¥@|[uv~uy  vKu$Tpy! pqy¥vx«uxzr}yTvvf}jbDxzr}y  u
xzy  pvpxzy!~Æd°$jzjv
∫
γ
(
σ(u, p)n
)
· ϕi da = a(u,R(ϕi)) + b(p, R(ϕi))− λd(u,R(ϕi)).
+ ¼ ,
ÚtqjPu_wtÆDvwf!j&wpqfTvf[uy  ~p  jx© +¼ , pq~ÇMjvvj
u  u|}vwj  vxu%Í[y}pvjsjtqjikjy¥v  pq~ ¬
wjvpÌPu_vwpqxzyvf[u_yÏvf!jtqj©µvxzy}j±e6u$Tpqy}pqy¥vwx%uxzr!y¥v'+ ¼ , ÆD°$jsuyÎwj°wp»vj+] , py
vf!j9©cxzttqx¼°pqy!$°(uP Í[y 
λ ∈ C
uy 
(u, p, s, z) 6= 0
pqy
H1(Ωf)3×L2(Ωf)×Cn
s
×Cn
s
~wr!Kfvf[u_v
u− R(Φz −∇u0Φs) ∈ H
1
Γin∪γ
(Ωf)3,
a(u, v) + b(p, v) = λd(u, v), ∀v ∈ H1Γin∪γ(Ω
f)3,
b(q, u) = 0, ∀q ∈ L2(Ωf),
−z = λs,
(
K + B0
)
s+ F a(u) + F b(p) = λ
(
M z + F d(u)
)
,
+ ,
°pvf
F a(u), F b(p), F d(u) ∈ Cn
s zp®jyÆ}©cxzi + ¼ , Æ!¥vf!jÇ©cxzttqx¼°pqy}njd|!j~w~pqxzy}~
[
F a(u)
]
i
= a(u,R(ϕi)),
[
F b(p)
]
i
= b(p, R(ϕi)),
[
F d(u)
]
i
= d(u,R(ϕi)),
©Bu
i = 1, . . . , ns
±
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ÅÈyvwf!j
~wjÑTr!jt¿Æ[°$j)°ptqtu~~wr!i:j0vf[uv
Ωf ⊂ R3
p~u:|Mxzt»dxzy[ut  xziu_pqy%°pvwf°f!pqKf
°Új)u~~wxGpIuvj)uwjr!tIu$©Buikpt:x©vpIuy!r!tIu_vwpqxzy}~
{Th}h>0
+B~jj Ã  , Æ}~wr!Kfvf[u_v
Ω
f
=
⋃
K∈Th
K, ∀h > 0,
ÝcÞßÝcà
²"³µ´·¶w¸¹. ½¿¸ ³µÄ ³µ½%¸´M¸Ä  ³ 
³µ´d³ 4  ½B¹	Á½d¹¶³µ´[½È¶¹w¸GÁ½B³¿¾´ z
°f!jj
h
pq~  jÍ[y!j  ¥
h = max
K∈Th
hk
Æ!°pvwf
hk
vwf!j  pIu_ikjvjÚx©
K
±
ÅÈy xz  jvx u|!|!x¼dpiu_vwjbvf!j§xzy¥vwpqyTr!xzr!~~w|!uj~
H1(Ωf)
uy 
L2(Ωf)
ÆÇ°$j
pqy¥vx  r}jÇvf}j
Í!y!pvwj  pqi:jy!~pqxzy!ut·~|[uj
Vh
 jÍ[y!j  ¥
Vh =
{
vh ∈ C
0(Ω
f
)| vh|K ∈ P1(K), ∀K ∈ Th
}
,
°f!jj
P1(K)
~vuy  ~g©cxzÚvwf!j
~w|[u_j
x©6|Dxzt»Gy!xzi:pIut~$xzy
K
x©  jzjj
tqj~w~gxzgjÑTr[ut
vxz±9egfTr!~Æ[°$j  jÍ[y!j
vf}j
©cxtqtqx¼°py!  p~wwjvwj~|[uj~
Xh = Vh ∩H
1
Γin
(Ωf), Qh = Vh, Vh,0 = Vh ∩H
1
Γin∪γ
(Ωf).
+¼ ,
ÅÈy<u  pq~wjvj©cwui:j°$xzÆ9vf!jxz|Dju_vwxz
R
py +] , pq~nj|!tquj  ¥ u  p~wwjvwjtqp»©µv
xz|Dju_vwxz
Rh : Tr(Vh)
3
|γ −→ X
3
h.ÅÈyvf!j~ui:jY°ÚuPzÆ}°$jÇpqy¥vwwx  r!jÇu
P1
#'uzu_y!zj ¬ |!pqjj°pq~wjYpqy¥vjw|MxztIuvpqxykxz|Mjwu_vx
Ph
xzy
γ
Ph : C
0(γ)3 −→ Tr(Vh)
3
|γ, jÍ[y}j  u~{vf!jwj~vpqvwpqxzyxzy
γ
x_©Ëvf!jtqu~w~pqPu_t
P1
#'uzwuy!zj ¬ |!pjj°pq~jpy¥vj|Dx ¬
tIu_vwpqxzy%x|Dju_vwxz
Πh
pqy
Ωf
±
¦ p»vf<vf!p~&y!xvKuvpqxyÆW°$jÏuy u|!|!x¼dpiu_vwj|!wxz}tqji +z , Æ(¥<wj|!tIu_pqy}¨vwf!j
xzy¥vpyTr!xzr!~{~w|[u_j~
H1(Ωf)3
u_y 
L2(Ωf)
¥vf!j  p~wjvwj)~|[uj~
Vh
u_y 
Qh
Æ+B~jj
Ã  , ± {jy!jÆ9°$j%xz}vupqy2vwf!j©cxzttqx¼°pqy}Ïu|}|!wxPdpqiku_vjk|!wx!tqji nÍ[y 
λ ∈ C
uy 
(u, p, s, z) 6= 0
py
V 3h ×Qh × C
ns × Cn
s ~r!Kfvwf[u_v
u− RhPh(Φz −∇u0Φs) ∈ V
3
h,0,
a(u, v) + b(p, v) = λd(u, v), ∀v ∈ V 3h,0,
b(q, u) = 0, ∀q ∈ Qh,
−z = λs,
(
K + B0
)
s+ F ah (u) + F
b
h(p) = λ
(
M z + F dh (u)
)
,
+ 
 ,
°pvf
F ah (u), F
b
h(p), F
d
h (u) ∈ C
ns
zp®jyT
[
F ah (u)
]
i
= a(u,RhPh(ϕi)),
[
F bh(p)
]
i
= b(p, RhPh(ϕi)),
[
F dh (u)
]
i
= d(u,RhPh(ϕi)),
ßß=ê$#&% ('Pÿ
î  Î³$[¶Ä 
´G¶Ä6¶¹-´´!G¶wº
	"À(¸½B¹-³¿Á²¶¸ÄµÄq¶KÁ
©cxz
i = 1, . . . , ns
±
Y~6°$jÚf[uP®jgutqjPu  
|Dxzpy¥vj  xzr}v6pqys"uv"Å  ¼dÆ_|[uwuzu_|!fsl!±Ãd± 
]Æzuy  u~"p»v'°pqtqt
Dj&xy}Í[wi:j  Djtqx¼° +cpqy§~wjvpxzy§l!± l , Æ'vf!j:~wxztr}vpxzy¨x©$|!wxz}tqji + 
 , Æ6py¥®zxzt»®zj~u
P1/P1
i:p»dj  Í[y!p»vjjtji:jy¥v6u|!|!xP}piuvpqxyÇx©!tpqy!juwpÌj  ¯YuP®dpj ¬ oGvwxj~6|!xz!tji:~
°pvfpqzf¥vf[uy  ~p  j)uy  Ìjwx:xz  jgjPuvpqxyvwjiÆ
ρ
(
∇u0u+∇uu0
)
− 2µ div ε(u) +∇p+ rρu = ρf,
pqy
Ωf ,
div u = 0,
pqy
Ωf ,
u = 0,
xzy
Γin,
σ(u, p)n = 0,
xzy
Γout,
u = uγ,
xy
γ,
+l ,
°pvf
r ∈ R
Æ
f
u_y 
uγ
zp®jy  u_vKud±
egf}j|[u_pqnx©~w|[u_j~
P1/P1
ÆWKf!xz~wjy vwx  p~wwjvwpqÌj%vf!j®zjtqxGpvÈ uy  |!wj~w~r!wj
Í[jt  ~Æ¼©Bupt_vxg~wu_vp~©µYvf!j #  bxik|[uvpq}pqtqp»vÈxzy  pvwpqxzy + #'u  GÌf!jy!~uP¥u ¬ (u}r!~u ¬
ÚwjÌÌpx   pqyd© ¬ ~wr}| Çxzy  p»vpxzy , Æd~wjj  $
 ]±Åövpq~(°$jtt Gy}xî°yvf[uvPÆ!p»©vwf!pq~gxzy  p»vpxzy
 xdj~ky}xvf}xzt  Æ$vf!jyTr!ikjwpPut~wKf}ji:jÎ|!wx  r!j~kxz~wpqtqtqu_vpy!b|!j~w~r!wj~ +B~jj©cxz
pqy!~vKuy!j  î , ±Ëegf!j È~vu!pqtpqÌj  Í[y!p»vjjtji:jy¥vWikjvf!x  ~ gxî®jxzi:jYvwf!pq~|!xz!tqji±
egf!jszxzutpq~gvxkjy!f!uy!j~vu!pqtpvÈ +Bpqy¥vwwx  r!py!  p Dr!~wpxzy , °p»vf!xzrdvYr}|!~wjvwvpy!kvwf!j
xzy!~pq~vjy} +B~jj  , ±
¦ j(xzr!t  r!~wjguYxzin}pqy[u_vwpqxzy)x©~|[uj~Ë~uvpq~©µGpqy!vwf!j #   xzy  p»vpxzyÆ!r}v"vwf!j
yGr}ikjwpqutMu|!|!xP}piuvpqxykx©xzy¥®zjvwpqxzy ¬ö p Dr!~pqxzy +BxzÚ¯uP®Gpqj ¬ oGvwxj~ , jÑTr[u_vpxzy!~Æ
°pvf«tqx¼° ¬ xz  j|!pqjj°pq~wj|MxztGy!xzi:pIu_tq~Æ9ikuP<ut~wx¨|!wx  r!j~j®jwjt«xz~pqttIu_vwpqy!
~wxztr}vpxzy!~±&ÊyTr!inMj)x©(~vKu}pqtqpÌPu_vwpqxzyvjKf!y!pqÑTr!j~sf[uP®jMjjy  j®jtxz|Dj  ©cxzÇvwf!j
vwju_vi:jy¥vgx_©6vwf!pq~(|}wxz!tjiÆ}~jj0©cxz(py!~vuy!j  dÆGÆ!lT¿±WodpikptIu  p :r!t»vpqj~(iku¼
u|!|MjPu°f!jy  jPutpqy!
°pvwf  xikpy[u_vpy!0wjuvwpqxzy:vjwi:~±ËY¥upqy·ÆG~xzi:j{vwjKf!y!pÑTr!j~
x©Ë~vKu!ptqpÌPu_vwpqxzy%f!u¼®jsMjjy  j®jtxz|Dj  ©cxzgvwf!pq~{|!r!|Dxz~jÆM!r}v©cxz{|[uvpqr!tIu_(Pu~j~
°f!jj)vwf!j0wjuvwpqxzywj  r!j~Yvwx:u&~Putqugxy!~vuy¥v  l
}Æ¼GÆM_ldÆ¿±
egf}js~vu!ptqpqÌj  ~wKf}ji:j~Çu_wj
zjy}ju_tqt%xz}vKu_pqy!j  Æ!©cwxzivwf!j)tIu_~w~wpPut)utj Gpy
ikjvf!x  +cy!xv ¬ ~vu!pqtpqÌj -, ÆM¥Ïu ! py!u } pvwpqxzy[u_tvjik~Ypqy¥®zxt®Gpqy!:vf!js|!wx  r!vÇx©
vf!j{wj~wp  r[utx©vwf!jjÑGr!u_vpxzy:°p»vfuy!j°@vj~vÚ©cr!y}vpxzy&°f!pqKf  j|Mjy  ~$xzy%u)tqxGPut
~vKu_!pqtpqÌPuvpqxy |[uu_ikjvjÆ
τK > 0
±Yyd©cxzvwr!y[u_vwjtÆÚvxxzr!:|!wj~wjyTv Gy}xî°tj  jÆ
vf!jwjpq~Ëy}xu0~vKu!ptqpÌj  Í!y!pvwjgjtqjikjy¥vikjvf!x  ©cxzËvf}j  pq~wjvpÌPu_vwpqxzyx©·uÇzjy!jwut
|!wxz}tqji x©vÈd|Mj + Pl , Æg~wjj  lzl ¿± egf!j  p~wjvwpqÌPuvpqxy ~Kf!ji:jÎvf[uvk°$jb|!wx|Dxz~j
f!jjpqy©cxz +l , pq~  pqjvt%xz}vKu_pqy!j  ©cxzivf[uvY|}wxz|Mxz~wj  py  lT'©cxzgvwf!j Ç~jjy·Û ~
ÝcÞßÝcà
²"³µ´·¶w¸¹. ½¿¸ ³µÄ ³µ½%¸´M¸Ä  ³ 
³µ´d³ 4  ½B¹	Á½d¹¶³µ´[½È¶¹w¸GÁ½B³¿¾´ 

jÑTr[u_vwpqxzy!~u_y  °pvwj~9Í[y 
(u, p) ∈ V 3h ×Qh
~r!Kfvwf[u_v
u− RhPh(uγ) ∈ V
3
h,0,
a(u, v) + b(p, v) + b(q, u) + rρ(u, v)0,Ω
+
∑
K∈Th
(
ρ(∇u0u+∇uu0)− 2µ div ε(u) +∇p+ rρu,
τK(ρ∇vu0 − 2µ div ε(v)−∇q)
)
0,K
= d(f, v) +
∑
K∈Th
(
ρf, τK(ρ∇vu0 − 2µ div ε(v)−∇q)
)
0,K
,
∀(v, q) ∈ V 3h,0 ×Qh,
+¼ ,
°pvf
τK
vf!j
~vu!ptqpqÌu_vpxzy|!uui:jvwjg|!x¼®dp  j  pqy! lT ]Æ
τK =
hK
2ρ‖u0‖2
ξ(RheK), RheK =
‖u0‖2hK
12ν
, ξ(x) =
{
x
~wp
0 ≤ x < 1
1
~p
x ≥ 1
.
oGj®zjut9jPu~xzy!~$r!~vp»©µÏvf}jnpqy¥vx  r!vwpqxzyÎx_©Wvwf!j&uMx¼®zj&~wKf!jikj_± Çybvf!jxy!j
f[uy  Æ°$j&f[uP®zj&ji:|!txîj  vf}j~ui:jsvpIuy}zr!tIuvpqxy
Th
pqyÎvwf!j&xzi:|!r}vu_vpxzyÎx©
u0uy 
u
+Bpvspq~y!xvikuy  uvxzzÆ9!r}vn|!uvpPut , ±begfTr!~Æ$uy<ur!wu_vjxzi:|!r}vu_vpxzy
x©gvf!j|Djwikuy!jy¥vnª!xî°
(u0, p0)
uy  x©
(∇u0)|γ
Æ9wjÑTr!pwj~uÏwjÍ[y!j  wp  pqyvwf!j
®dppy!pvÈ&x©
γ
±9Y~Ú|Mxzpqy¥vwj  xzrdvgpqy »î¿ÆGvf!p~Úwj  r!j~(vf}jxik|!tpqu_vpxzy!~Wu~w~xdpIu_vwj 
°f!jy  jutqpy!°p»vf  xzi:pqy[u_vwpqy!§wjuvwpqxzy«vjwi:~± xwjx¼®jÆ~Kf!ji:j%+î , p~%u
 pqjvÇjGvjy!~wpxzy¨x©$vwf!xz~jpqy¥vx  r}j  py Ül
uy   lT "©cxzvf}j:oGvx_j~
jÑTr[uvpqxy!~
°pvf§xyT®jvpqxy±ÅÈy§vwf!pq~
°Úu¼Æ6°$jf[uP®j _j|}vvf!j:Kf!xzpj:x©
τK
©cxz0vwf!pq~0vÈG|Dj:x©
jÑTr[u_vwpqxzy!~Çu~0|!wx|Dxz~j  pqy  lT¿± Çy¨vwf!jx  jÇf!uy  Ævwf!jnyTr!i:jwpPut6jd|Mjwpikjy¥v~
wj|Mxzvj  pqy~jvpqxyÎs°pqtt·|Mxzpqy¥vxzrdv{vwf!j0|Mj©cxwikuy!j
x©6~wKf}ji:j + î , ±
%Ó 2¢!¡  	 ½W³ . ½]¹¸³½ 	P¾¹W¸¹&k½È¾ "¶¹-³ 	 k½
}¸½ +î , ³ nÁK¾´  ³ ½È¶´[½ 9³µ½#
½
[¶  ¼¾ 
Äd½B³¿¾´  n¾	 +Pl , 
W@zjy}ju_tqpqÌpqy! + î , ÆY°$j¨xzy!~p  jpqy!~vju  x© + 
 , vf}jÎ©cxztqtxî°py!  pq~wwjvj
~wKf!jikjÍ!y 
λ ∈ C
uy 
(u, p, s, z) 6= 0
pqy
V 3h ×Qh × C
ns × Cn
s ~wr!Kfvf[u_v
ßß=ê$#&% ('Pÿ
Pl  Î³$[¶Ä 
´G¶Ä6¶¹-´´!G¶wº
	"À(¸½B¹-³¿Á²¶¸ÄµÄq¶KÁ
u−RhPh(Φz −∇u0Φs) ∈ V
3
h,0,
a(u, v) + b(p, v) + b(q, u)
+
∑
K∈Th
(
ρ(∇u0u+∇uu0) +∇p, τK(ρ∇v̄u0 −∇q̄)
)
0,K
= λ
[
d(u, v) +
∑
K∈Th
(
ρu, τK(ρ∇v̄u0 −∇q̄)
)
0,K
]
, ∀(v, q) ∈ V 3h,0 ×Qh,
− z = λs,
(
K + B0
)
s+ F ah (u) + F
b
h(p) = λ
(
M z + F dh (u)
)
, +P ,
°pvf
[
F ah (u)
]
i
= a(u,RhPh(ϕi)) +
∑
K∈Th
(
ρ(∇u0u+∇uu0), τKρ∇(RhPh(ϕi))u0
)
0,K
,
[
F bh(p)
]
i
= b(p, RhPh(ϕi)) +
∑
K∈Th
(
∇p, τKρ∇(RhPh(ϕi))u0
)
0,K
,
[
F dh (u)
]
i
= d(u,RhPh(ϕi)) +
∑
K∈Th
(
ρu, τKρ∇(RhPh(ϕi))u0
)
0,K
,
©cxz
i = 1, . . . , ns
±
%Ó 2¢!¡    ¾¹k¶w¸GÁ 

u ∈ V 3h
Ú¶ 
}¸"¶
u|K ∈ P
3
1(K)
¸´!½#
[¶´
div ε(u)
"¸´3
³ 
[¶  
³µ´
K
W~wjvwvpy!
as(u, v) =
∑
K∈Th
(
ρ(∇u0u+∇uu0), τKρ∇v̄u0
)
0,K
,
bs(p, v) =
∑
K∈Th
(
∇p, τKρ∇v̄u0
)
0,K
,
bts(u, q) = −
∑
K∈Th
(
ρ(∇u0u+∇uu0), τK∇q̄
)
0,K
,
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cs(p, q) = −
∑
K∈Th
(
∇p, τK∇q̄
)
0,K
,
ds(u, v) =
∑
K∈Th
(
ρu, τKρ∇v̄u0
)
0,K
,
es(u, q) = −
∑
K∈Th
(
ρu, τK∇q̄
)
0,K
,
|!wxz}tqji + ¼ , Pu_yÎDj
°wp»vwvwjyÏpyvwf!j)©cxtqtqx¼°py!&ikxzj
xzi:|[uvY©cxzi WÍ[y 
λ ∈ Cuy 
(u, p, s, z) 6= 0
py
V 3h ×Qh × C
ns × Cn
s ~wr!Kfvf[u_v
u− Rh(Φz −∇u0Φs) ∈ V
3
h,0,
a(u, v) + b(p, v) + b(q, u) + as(u, v) + bs(p, v) + b
t
s(q, u) + cs(p, q)
= λ
(
d(u, v) + ds(u, v) + es(q, u)
)
, ∀(v, q) ∈ V 3h,0 ×Qh,
− z = λs,
(
K+ B0
)
s+ F ah (u) + F
b
h(p) = λ
(
M z + F dh (u)
)
.
+¼ ,
    	     	
ÅÈy<vwf!pq~|!uuu|!f·Æ$|!xz!tji + î , p~wj©cxzwinr}tIu_vwj  pqy vwjwi:~x©Yiuvwpj~± egf!p~
°pqtqt"utqtx¼° r!~0vwxj-}|}tqpqpvwtxzi:|!r}vwj:p»v~0~xztqr}vwpqxzy}~± #jv
nf = nf(h)
vf!j&yTr!inMj
x©6®jvjx©6vf!j0vwwpIu_y!zr!tqu_vpxzy
Th
xzyvwf!j
ª[r!p  xzikupy± ¦ j)pqy¥vwwx  r!j0vwf!j0Í[y!pvwj
jtqjikjy¥vjPut'[u~pq~
{φi}
3nf
i=1
uy 
{ψi}
nf
i=1
x_©
V 3h
u_y 
Qh
wj~w|Mjvp®jt»z±egfTr!~ÆDjPuKf
jtqjikjy¥v
(u, p) ∈ V 3h ×Qh
PuyDj0°pvwvwjyu~
u =
3nf∑
j=1
ujφj, p =
nf∑
j=1
pjψj,
+   ,
°pvf
uj, pj ∈ C
± ¦ j{pqy¥vx  r}j{utq~x0vf!j©cxztqtx¼°pqy!0~r!!~wjv~$x©
I = {1, . . . , 3nf} ⊂
N

IΩ
f
= {i ∈ I|
 ± x!± © ±
i
pq~gy!x_vxzy
Γ ∪ γ}, IΓout = {i ∈ I|
 ± x!± © ±
i
pq~gxzy
Γout},
IΓin = {i ∈ I|
 ± x!± © ±
i
pq~gxzy
Γin}, I
γ = {i ∈ I|
 ± x!± © ±
i
pq~gxzy
γ},
ßß=ê$#&% ('Pÿ
¼  Î³$[¶Ä 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´G¶Ä6¶¹-´´!G¶wº
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uy  vf!jy°$j  jy!x_vj
nΩ
f
=
u 
(IΩ
f
), nΓout =
u 
(IΓout), nΓin =
u 
(IΓin), nγ =
u 
(Iγ).
W~wr!}~vp»vr}vwpqy! +   , pqy +¼ ,
2
°$jzjv
3nf∑
j=1
uja(φj, v) +
nf∑
j=1
pjb(ψj, v) +
3nf∑
j=1
ujb(q, φj) +
3nf∑
j=1
ujas(φj, v)
+
nf∑
j=1
pjbs(ψj, v) +
3nf∑
j=1
ujb
t
s(φj, q) +
nf∑
j=1
pjcs(ψj, q)
= λ


3nf∑
j=1
ujd(φj, v) +
3nf∑
j=1
ujds(φj, v) +
3nf∑
j=1
ujes(φj, q)

 ,
∀(v, q) ∈ V 3h,0 ×Qh.
+   ,
¦ j  jy!xvj)¥
uΩ
f
∈ Cn
Ω
f Æ
uΓout ∈ Cn
Γout
Æ
uΓin ∈ Cn
Γin
jv
uγ ∈ Cn
γ vf!j  jzwjj~
x©(©cwjj  xi x_©
u
xzwj~w|Mxzy  py!!ÆËj~w|Mjvp»®zjt»zÆ"vwxÏ~f[u|Mjk©cr!y!vpxzy!~spy
IΩ
f Æ
IΓout
Æ
IΓin
uy 
Iγ
±ËÅÈyvf!j~wjÑTr!jt°ÚjÇ°ptqtDu~w~r!i:jvf[uv(vf!j~wf[u|MjÇ©cr!y!vpxzy!~
{φi}
3nf
i=1
uj
xz  jwj  pyk~r!Kf%u0°(uPvwf[u_vvf!jgÍ[~v  jwjj~$x_©·©cwjj  xi4xzwj~w|Mxzy  vwx
uΩ
f ÆTy!jGv
vx
uΓout
Æ[y!jGvvx
uΓin
uy  Í[y[uttkvx
uγ
±
W0vKu$Tpqy}Ypy
+    ,
v = φi
Æ°pvf
i ∈ IΩ
f
∪IΓout
Æzu_y 
q = ψi
Æ°pvwf
i = 1, . . . , nf
Æ
°Új
xz}vupqyu
(nΩ
f
+ nΓout + nf)× (4nf + 2ns)
iu_vwwp %j-}|}wj~~wpxzyÏx©vÈG|Dj


AΩ
f
1 A
Γout
1 A
Γin
1 A
γ
1 B1 0 0
AΩ
f
2 A
Γout
2 A
Γin
2 A
γ
2 B2 0 0
BΩ
f
BΓout BΓin Bγ C 0 0










uΩ
f
uΓout
uΓin
uγ
p
z
s








= λ


DΩ
f
1 D
Γout
1 D
Γin
1 D
γ
1 0 0 0
DΩ
f
2 D
Γout
2 D
Γin
2 D
γ
2 0 0 0
EΩ
f
EΓout EΓin Eγ 0 0 0










uΩ
f
uΓout
uΓin
uγ
p
z
s








.
+¿_ ,
ÝcÞßÝcà
²"³µ´·¶w¸¹. ½¿¸ ³µÄ ³µ½%¸´M¸Ä  ³ 
³µ´d³ 4  ½B¹	Á½d¹¶³µ´[½È¶¹w¸GÁ½B³¿¾´ î
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4
°$j
zjv
(
K+ B0
)
s+
3nf∑
j=1
ujF
a
h (φj) +
nf∑
j=1
pjF
b
h(ψj) = λ

M z +
3nf∑
j=1
ujF
d
h (φj)

 ,
°f!pqKftqju  ~(vxvwf!j0©cxztqtxî°py!niku_vp»jd|!j~w~pqxzyx©6~wpqÌj
ns × (4nf + 2ns)

[
FΩ
f
a F
Γout
a F
Γin
a F
γ
a Fb 0 K + B
0
]








uΩ
f
uΓout
uΓin
uγ
p
z
s








= λ
[
FΩ
f
d F
Γout
d F
Γin
d F
γ
d 0 M 0
]








uΩ
f
uΓout
uΓin
uγ
p
z
s








.
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egf}j(vu_y!~w|!pu_vwpqxzypqy¥vj©Buj(xy  pvwpqxzy+î ,
1
pq~6vKu$_jy&jd|!tpqp»vt»
xzyjPuKf&pyTvwj ¬
©Buj®zjvj-DÆ
xi
ÆGx©Dvf!jvpIuy!r!tIu_vwpqxzy·±egf}jwj©cxzwj_ÆG°$jx}vKupy:vwf!j©cxztqtxî°py!Çiku_vp»
jd|!wj~w~pqxzyx©"~pqÌj
(nΓin + nγ)× (4nf + 2ns)

[
0 0 I 0 0 0 0
0 0 0 I 0 −G0 G1
]








uΩ
f
uΓout
uΓin
uγ
p
z
s








= λ
[
0 0 0 0 0 0 0
0 0 0 0 0 0 0
]








uΩ
f
uΓout
uΓin
uγ
p
z
s








,
+¿ ,
°pvfvwf!j0©cxztqtxî°py!ny!x_vKu_vwpqxzy 
[
G0
]
ij
= [ϕj]
y!
(i) (x
y¥®
(i)), i ∈ I
Γin j = 1, . . . , ns,
[
G1
]
ij
= [∇u0ϕj]
y!
(i) (x
y¥®
(i)), i ∈ I
γ j = 1, . . . , ns.
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YjjÆy!
(i) ∈ {1, 2, 3}
p~Çvf!j&xik|Mxzy!jyTv)x©Wvf}j&®jtxdpvÈbxzwj~w|Mxzy  pqy!vxvwf!j
®zjtxdpvÈ  jzwjjkx_©(©cwjj  xzi
i
ÆËuy  y¥®
(i) ∈ {1, . . . , nf}
vf!j:tIuMjt9x_©(vf!j&®zjvwj
°f!jj)vwf!jÇ®zjtqxGpvÈ  jzjj
x©©cwjj  xzi
i
tpqj~Æ}©cxz
i = 1, . . . , 3nf
±
ÅÈy~f!xzvPÆdvu$Tpqy!spqy¥vxu_xr!y¥v +î ,
3
°pvwf +¿_ , Æ +¿d , uy  +]z , °Új0xzdvKupykvf!u_v
vf!j  p~wjvwj)|}wxz!tji +î , pq~gjÑTr!p»®_utqjyTvgvwxvf!j0©cxzttqx¼°pqy!szjy!jutpqÌj  jpzjy¥®_utr!j
|!wxz}tqji x©6~wpqÌj
n = 4nf + 2ns
9Í[y 
λ ∈ C
uy 
0 6= x ∈ Cn
~wr!Kfvf[uv











AΩ
f
1 A
Γout
1 A
Γin
1 A
γ
1 B1 0 0
AΩ
f
2 A
Γout
2 A
Γin
2 A
γ
2 B2 0 0
0 0 I 0 0 0 0
0 0 0 I 0 −G0 G1
BΩ
f
BΓout BΓin Bγ C 0 0
0 0 0 0 0 − I 0
FΩ
f
a F
Γout
a F
Γin
a F
γ
a Fb 0 K + B
0











︸ ︷︷ ︸
A










uΩ
f
uΓout
uΓin
uγ
p
z
s










︸ ︷︷ ︸
x
= λ











DΩ
f
1 D
Γout
1 D
Γin
1 D
γ
1 0 0 0
DΩ
f
2 D
Γout
2 D
Γin
2 D
γ
2 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
EΩ
f
EΓout EΓin Eγ 0 0 0
0 0 0 0 0 0 I
FΩ
f
d F
Γout
d F
Γin
d F
γ
d 0 M 0











︸ ︷︷ ︸
B










uΩ
f
uΓout
uΓin
uγ
p
z
s










︸ ︷︷ ︸
x
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A
u_y 
B
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jpqjy¥®_utqr!j~Y°p»vfby!j¥u_vp»®zjnjPut|[uv0pqyÏxz  jvx  jvwjv
py!~vu!ptqpvwpqj~±{eWG|!pPuttzÆ
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+B~wjj)utq~x  d , ±
egf}jkikupqy¨|!xz|Mjvwpqj~)x_©Úvf}j:jy!jutpqÌj  (uPGtqjbvwuy!~©cxwi uy2Mj&~wr!i:iu ¬
wpqÌj  pqyvwf!j0©cxztqtxî°py!svwf!jxzji 
 ÓG× ¡ Ó    
	¢!¡î¡î¢}   ²'¶½
α1, α2 ∈ R
9³µ½

α1 < α2
	
¸´!
θ = c(λ)9³µ½#

λ ∈ C− {α1}
  
[¶´
Re(λ) <
1
2
(α1 + α2)
³ 	¸´!¾´[Äk³ 	
|θ| > 1,
Re(λ) ≥
1
2
(α1 + α2)
³ 	¸´!¾´[Äk³ 	
|θ| ≤ 1.
egf}juDx¼®jgwj~r!tvpik|}tqpqj~vf[u_v"vf!jgjpqzjyT®_utr!j~"x©+]$
 , t»dpy!xy&vwf!j(tj©µv9x©[vwf!j
~vwupqfTvWtpqy!j{j
(λ) = (α1 +α2)/2
pqy&vf!jYxzi:|!tj:|!tquyÆGuwj{iku|!|Mj  vwxsj-dvwwjikj
jpqjy¥®_utqr!j~gx©
TC(α1, α2)
±
xzwj
|!jp~wjtzÆ!°$j
f[uP®zj
vf!j0©cxzttqx¼°pqy}nxzxztqtqu +B~jj    , 
 × ¡ × 1 1c¢!¡ Ô     ²'¶½
λ1, λ2, . . . , λm
½È¾  ¶:½
[¶¶³G¶´ "¸Ä[¶  %¾	 +¿$
 , ¾¹&G¶¹K¶ 9³µ½#

³µ´·Á¹K¶w¸  ³µ´&¹¶w¸Ä}Â}¸¹½  ¸ ¥¶)¸´b³µ´!G¶
1 ≤ k < m
 [Á 
½
}¸½
Re(λk) < Re(λk+1)

²¶½
α1, α2 ∈ R
 ¸½B³ 	 _³µ´ +¿z , 9³µ½

1
2
(α1 + α2) = Re(λk+1),
½#
[¶´
θi = c(λi) /∈ B(0, 1), i = 1, . . . , k,
θi = c(λi) ∈ B(0, 1), i = k + 1, . . . , m.
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©cxzÇKf!xGxz~pqy!|[u_ui:jvwjw~
α1
jv
α2~wr!p»vKu!tjÚ©cxzWujtjwu_vpy!Çvf!jxzy¥®zjzjy}jYvwx
θ1 = c(λ1)
±"ÅÈy  jj  Æ
α1
uy 
α2
iku¼
DjYKf!xz~wjypqyk~wr!Kfu
°(uP:vf[u_vWvf}jÍ[w~v(r!y¥°Úuy¥vj  jpqjy¥®_utqr!j_Æ
θk+1
+c°p»vf
k ≥ 1
, Æ
pq~&tqxGPu_vwj  xzy vwf!jr!y!pv:pqwtqj
B(0, 1)
u_y  vwf[u_v&vf!j  pq~vKuy}jx©vwf!j  xzikpy[uy¥v
jpqjy¥®_utqr!j
θ1 = c(λ1)
©cwxzi
B(0, 1)
pq~ikudpqikut]± ÅÈy xvwf!j:°Úx  ~Æ{r}y  j:vf!j
fTG|Mxvf}j~wp~%x©
tji:iu%+Bl}± 
 , Æ(°ÚjÏf[uP®zjÎvxiuî}pikpÌj
|θ1|
wj~w|Mjvvx
α1
uy 
α2~wr!Gjvwj  vwx:vwf!j
xzy}~vwupqy¥vw~
α1 + α2
2
= Re(λk+1), α1 < α2.
+ 
d ,
ÅÈyvf}j)u~wj0°f!jwj
λ1
pq~gjPut]Æ}vf}j
©cxtqtqx¼°py!ntqjikikusf!xt  ~ +c~wjj      , 
 WÓ  2¢   
	%¢!¡î¡î¢} 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λ1 ∈ R
 ²'¶½
1 ≤ k < m
 [Á 
 ½#
}¸½
Re(λk) < Re(λk+1)
¸´!
κ > 1
¸ ³"¶´Ï¹K¶w¸Ä´  ¶¹   	 Ú¶)½ö¸ ¥¶
α1 = Re(λk+1)−
κ+ 1
κ− 1
(Re(λk+1)− λ1),
α2 = Re(λk+1) +
κ+ 1
κ− 1
(Re(λk+1)− λ1),
½#
[¶´
κ = |θ1| ≥ |θ2| ≥ . . . ≥ |θk| > 1 = |θk+1| ≥ |θi|, i = k + 2, . . . , m.ÅÈy2vf!p~su~wj_Æ
θ1
iuP§Mjiku  j%u_~stIu_wzjku~°Úuy¥vj  T§py!jPu~pqy!
κ
± Yx¼°$j®zjÆ
°f!jy
λ1
pq~xzi:|!tqj-vwf!jsvwf!jxzÎp~tqj~w~Ç~wu_vp~©BuvxzzÆM°ÚjYr!~v0f[uP®zjnvwf!jn©cxzttqx¼°pqy!
wj~r!tv +c~wjj    dÆM_ , 
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2¢  
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  ²'¶½   5 îÂ¥Â[¾  ¼¶%½#
}¸½
λ1 = x1 + iy1
9³µ½

x1 <
Re(λk+1)
  	
α1 = Re(λk+1)−
√
(Re(λk+1)− x1)2 + y21,
α2 = Re(λk+1) +
√
(Re(λk+1)− x1)2 + y21,½#
[¶´5½#
[¶ :¸z³  ¾	
|θ1|
 &  P¶KÁ½ ¶ ½ ¾ ½#
[¶ÁK¾´  ½]¹¸³µ´[½ + 
} , ³ §¸½B½ö¸³µ´·¶   ´
¸22³µ½]³¿¾´ 	
|θ1| = |θ2| =
1
√
ξ2 + 1− ξ
> 1,
9³µ½

ξ =
Re(λk+1)− x1
|y1|
,
¸´!
|θi| ≤ 1
	P¾¹
i = k + 1, . . . , m

ßß=ê$#&% ('Pÿ
_l  Î³$[¶Ä 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dvwwjikjWKf[uwuvwjx©
θ1
pq~  pqjvtwjtIu_vwj 
vxvf!j
wu_vpx
ξ =
Re(λk+1)− Re(λ1)
Im(λ1)
.
egf!j)u|!|!x¼dpiu_vwpqxzyx©
θ1
Djxzi:j~  jtqpPu_vwjÇpqy~wp»vr[uvpqxy!~(°f!jj$
z±
|Re(λk+1)− Re(λ1)|
pq~(®j~wikutqt 
d±
| Im(λ1)|
p~(®zjtIuzj±
ÅÈybDxvwfbPu~j~Æ'vwf!jn~xzr!zf¥v
jpzjy¥®_utr!j
θ1
pq~{®zjbtxz~wjvx%vf}jr!y!pvpwtjÆM°f!pqKf
xzi:|!tqpPu_vwj~pvw~Ëxzi:|!r}vu_vpxzy±ÅÈy  jj  Æzvwf!jgiu_pqy  p Djwjy!jgxzi:|[uwj  vxvwf!jgPu_~wj
°f!jj
λ1
pq~ÇjPut6xzi:j~Ç©cxzi vwf!jn©BuvÇvf[uv
tqji:iku +Bl}±  ,{ xdj~0y!xv
jy!~wr!j~0vf!u_v
θ1
pq~Yu&jGvji:jjpqzjyT®_utr!j)x©
TC
± ¦ j)ji:|!f[u~pqÌj0vwf[u_v{vf!p~{p~u  pwjvj~r!tv{x©
r!~wpy!:u&wu_vpxzy[utMvwuy!~©cxwiku_vpxzy
θ = c(λ)
Æ}y!jj~w~wuMjur!~wj
B
pq~g~wpy!zr!tqu±
    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egf!jYÅÈi:|!tpqp»vj~vuvwj  wy}xzt  pMjvf}x  +BÅ 0 , Æ  j®zjtqxz|Mj  pqy Ül}(]Æd|!x¼®dp  j~$u
j  :pjy¥v$uy  yTr!ikjwpPutt)~vu!tqj(°ÚuPn©cxz9pik|!tji:jy¥v9u0j~vuvÆz°pvwf!xzr}vj-}|}tqpqpvwt
xzi:|!r}vwpqy!uy!j° Ywy!xzt  p'©BuvwxzwpÌPu_vwpqxzy±egf!p~i:jvwf!x  xzin}pqy!j~Yvf}jny!xzt  p¿ÛÜ~
ikjvf!x   
  °pvwfvwf!j
pqi:|!tqpp»vtn~wf!p»©µvj 
  utzxzwp»vf!i  lT ]±
#jv&r!~&xzy!~p  j:u
m
¬ ~vwj|
(m < n)
y!xzt  p$©BuvxzpqÌPuvpqxy x©uÎwjPu_t
n × ny!xzy ¬ ~Giki:jvwwpÇiuvwp 
A
Æ[p¿±Üj±
AV = V H + reTm,
+ 
z ,
pqy ~r!Kf u2°ÚuP vwf[u_v
V ∈ Rn×m
f[u_~
m
xvf}xzy!xziut{xtqr!i:y!~Æ
r ∈ Rn
°p»vf
V Hr = 0
ÆËuy 
H ∈ Rm×m
p~sur!|!|Mj Yj~~wjinDjwbiku_vp»b°p»vfy!xzy ¬ y!j¥uvp®j
tqx¼° ¬È pquzxzy!ut¿±
 
  vÈG|Mjutqxzwp»vf!i,°p»vfÎj-d|!tqppvY~wf}p©µv +B~wjj Ül¥ , PuyÏDjsu|!|!tpqj  vx +
¥ , ±
#'jv
β ∈ R
uzp®jy~wf!p»©µvP± ¦ j0©BuvwxzwpÌj
H − β I = QR
Æ!°pvwf
R
r!|}|Dj(vwpquy!zr}tIu
uy 
Q
r!|!|Mj {j~w~jinMjxzvf!xzxzy[ut]±Ëegf!jyÆ!©cwxzi + 
¥ , Æ!°$j)jv
(A− β I)V − V (H − β I) = reTm,
(A− β I)V − V QR = reTm,
(A− β I)(V Q)− (V Q)(RQ) = reTmQ,
A(V Q)− (V Q)(RQ + β I) = reTmQ,
+ 
$
 ,
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pqy%~r!Kfus°(uPvwf[u_vg~jvvpqy}
V+ = V Q
uy 
H+ = RQ+ β I = Q
THQ
Æd°$j0xz}vKu_pqy
AV+ = V+H+ + re
T
mQ.
egf!jiu_vwwp 
V+
f[u~
m
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V
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Q
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H+
pq~
ur!|!|Mj 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utqu~w~pqPu_t
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m− 2
jy¥vwpj~
x©
eTmQ
uwj0Ìjwx}±9egfGr}~ÆMuny!j°
m− 1
Ywy!xzt  pD©Bu_vxwpqÌu_vpxzy%uyDj0xzdvKupy!j  ¥
xzy  jy!~pqy!!Æ[y!uikjtÆ}¥jÑTr[u_vwpqy!vwf!j0Í[w~v
m− 1
xztr!i:y!~(x©6jPuKf~wp  j$
AV +m−1 = V
+
m−1H
+
m−1 + r
+
m−1e
T
m−1.
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_l ,
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β
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vxzpqÌPuvpqxy±egf!jikupybwj~r!tv)x©$vf!p~
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x©
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Æ°f}jwj
v1
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Í[~vYxztr!ikyx© n±[ÅÈy  jj  ÆD¥
inr!tvwpq|!t»Gpqy! +
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¥%vwf!j
Puy!xy!pqut·®zjvwxz
e1
Æ!°Új
zjv
(A− β I)v1 = V+Re1 = (e
T
1Re1)V+e1.
¦ j:Puy§pvwjwu_vjvf}pq~
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(m − 1)
¬ ~vj|§©Bu_vxwpqÌu_vpxzy
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¬ ~vj|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AVk = VkHk + rke
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(k + p)
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V +k+p = Vk+pQ
Æ
H+k+p = Q
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u_~w~wr}ikj  vwf[u_v
vf!jnvwr!Mj:p~
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vwuy}~®zjw~j|!tIuy}j%|Djw|Mjy  pqr}tIu
vxÏvwf!jvwr!Dj_±§xzjx¼®zjÆWudpIutWj(Djv~&uj
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Ωf
~vuy  ~g©cxzWvf!j  xziu_pqy%~jvwpqxzyxGr!|!pj  ¥vf}jÇª[r!p  Æ
Ωs
©cxzvwf!j$vwuy!~®zjw~u_t}~wjvwpqxzyx©!vf}j$vr}Dj_Æ
γ
©cxz'vf!jW~wjvwpqxzynx_©!vf!jª[r!p d¬ ~vr!vwr!wj
pqy¥vj©BujÆ[uy 
Γ = ∂Ω
©cxz(vwf!j
~wjvpxzyx©6vwf!j
PuP®GpvÈMxzr!y  u±
¦ j)u~w~r!i:j
vwf[u_vgvwf!jÇª[r!p  u_y  vwf!j
~vwwr!vr!ju_wj
u_vjÑGr}pqtqp!wpr!i pqy%vf}pq~gxy ¬
Í[zr!wu_vpxzy±@oGpqy!jvwf!jª!r!p  pq~ku_v:wj~vPÆ$°Újf[uP®zj
u0 = 0
uy 
p0 = 0
± egf!jj ¬
©cxzwj_Æ9jpqjy!|!xz!tji + 
 , j  r}j~&vx%+c~wjjutq~x »¼dÆWodjvpqxy«l}±z±» , :Í[y 
λ ∈ C
Æ
u : Ωf −→ C2
Æ
p : Ωf −→ C
uy 
s ∈ Cn
s ÆD°pvwf ∫
Ωf
p dx = 0
uy 
(u, p, s) 6= 0
Æ
ßß=ê$#&% ('Pÿ
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Ω
~wr!Kfvf[u_v
−2ν div ε(u) +
1
ρ
∇p = λu,
pqy
Ωf ,
div u = 0,
pqy
Ωf ,
u = 0,
xzy
Γ,
u = −λs,
xzy
γ,
λ2ms+ ks = −
∫
γ
σ(u, p)n da.
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egf}jxzji d±»kjy!~wr}wj~)vf[uv)vwf!j&jpzjy¥®_utqr}j~
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‖ x ‖ = 1
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+ 2MU
∂ẇ
∂x
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∂2w
∂x2
+ (M +m)ẅ = 0,
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(M+ Ma)s̈+ Ca ṡ+ (K+ Ka)s = 0.
+clT ,
egfGr}~Ævwf!jb~vu!pqtpvÈ uy[u_tG~wp~%PuyÉMjÎPu_wwpj  xzr}v%T xzi:|!r}vwpqy! p»v~%f!uwi:xzy!p
~wxztr}vpxzy!~Æ
s(t) = se−λt
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s ∈ Cn
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det
(
λ2(M + Ma)− λCa +(K+ Ka)
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= 0.
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tIu(~jvpqxypiki:j~wj  pqyunvwuy!~®j~wj)pqy!xzik|}wj~~wp!tqjª!xî°
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u~w~r!i:j
vwf[u_v(vwf!j
~vr!vwr!wjPuy xy!tb®Gpq}u_vwjxzy uvu_y!~®jw~j|!tIu_y!jk|Mj|Djy  pr!tqu)vwxÏvf}j|!pq~wi
uy  uî}pqutgj(Djv~u_wjy!xvkxzy!~p  jwj  ± Yjy}jÆ(vwf!jÏ|}wxz!tji p~:~vr  pqj  pqy<vÈ°Úx
 pqi:jy!~pqxzy}~±ÚY~Ypy  l¥}ÆlT¿Æ[°$j°ptqtxzy}Í[y!jxzr!{~vwr  vx&®zjvpPutuy  vxw~wpxzy[ut
Dx  §ikx_vpqxy!~±ÅÈy2vwf!j~jÑTr!jt¿Æ
Ωf
~vuy  ~s©cx)vwf!jkvÈ°$x ¬È pqi:jy!~pqxzy[u_t  xziu_pqy§xd ¬
r!|!pj  Tvwf!j)ª!r!p  uy 
Ωs
©cx{vwf!jjvKuy!r!tIu~jvwpqxzyx©"vwf!j)|!wp~wi°pvwfwu_vpx
c
d
= 4
Æ[uy 
γ
 jy!xvwj~vf!j0ª[r}p d¬ ~vr!vwr!wj
pyTvwj©Buj_±
#jv9r!~9xy!~wp  j9uYr!y!p©cxwi ª[x¼° ®jtxdpvÈ
uΓin = (U, 0)
T xzynvf!jÚpqy!tjv6Dxzr}y  u
Γin
Æ~jj$Í!zr!wj(dz± Ù xz6tx¼° jGy!xzt  ~"jzpikj~Æîvf!j$xzr!|}tqj  ª[r!p d¬ ~vwr}vr}wjÚ~G~vji
jdf!pq}pv~Wu)~vju  :jÑTr!ptqp!wpr!i ~vKu_vwj
(u0, p0, s0)
~wu_vp~©µGpqy!)jÑTr[uvpqxy!~ +  , uy  +¿ , Æ
p¿±Üj±
∇u0u0 − 2ν div ε(u0) +
1
ρ
∇p0,
py
Ωf ,
div u0 = 0,
py
Ωf ,
u0 = uΓin,
xzy
Γin,
σ(u0, p0)n = 0,
xy
Γout,
K s0 = −
∫
γ
ΦTσ(u0, p0)n da.
Yjj
s0 = (y0, θ0)
T ∈ R2
ÆT°pvf
y0
vf!j{®zjvpPut  p~w|!tqujikjy¥vÚu_y 
θ0
vwf!jxvKuvpqxy
uwxzr}y  vwf!jsjy¥vjx©9iku~~Yx©"vf!j~vr!vwr!wj_±YÅÈyÎu ! p»vpqxyÆ!vf!j)i:x  u_t[u~wp~
Φ
p~
zp®jy¥
Φ =
[(
0
1
)
∣
∣
(
0 −1
1 0
) (
x
y
)]
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∫
γ
ΦTσ(u0, p0)n da = 0,
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s0 = 0

egf}jÏ~vu!ptqpvÈ uy[ut»G~wpq~&x©Yvf!p~kjÑTr!pqtpq!pqr!i ~vu_vjPuy DjPu_wwpj  xzr}v:r!~wpy!
vf!jtqpqy}jPupqÌPuvpqxy ¬ vwuy!~|!pqwu_vpxzy¨©cui:j°$xz<pyTvwwx  r!j  py 6uvÅ »P¿± {jy!jÆ
vf!jk~vr  §x©(vf}jtqpy!jPu_)~vKu}pqtqp»vÈbx©
(u0, p0, s0)
j  r!j~svwxÏvf}jkxzik|}r}vKu_vwpqxzy§x©
vf!jbtj©µvi:xz~v%jpzjy¥®_utr!j~%x_©|}wxz!tji + 
 , ÆYp]± j_± §Í[y 
λ ∈ C
Æ
u : Ωf −→ C2
Æ
p : Ωf −→ C
uy 
s ∈ C2
Æ}°p»vfuy 
(u, p, s) 6= 0
Æ!~wr}Kfvf!u_v
∇u0u+∇uu0 − 2ν div ε(u) +
1
ρ
∇p = λu,
py
Ωf ,
div u = 0,
pqy
Ωf ,
u = 0,
xy
Γin,
σ(u, p)n = 0,
xzy
Γout,
u = −λΦs−∇u0Φs,
xy
γ,
λ2 M s+
(
K+ B0
)
s = −
∫
γ
ΦTσ(u, p)n da.
+¿_ ,
Y~wpy!vwf!j  pq~jvpÌPu_vwpqxzy~wKf!jikj + î , vwf!juMx¼®zjjpqzjy!|!wx!tqji Mjxzikj~0u%zjy ¬
ju_tqpqÌj  jpqzjy¥®u_tqr!j~0|!wxz}tqjix©vÈG|Dj)+]$
 , ±egfTr!~Æp»v~Çtj©µvwikxz~vÇjpqzjyT®_utr!j~Y°pqtqt
Dj)u|!|}wxPdpqiku_vj  r!~wpy!:utqzxwpvwf!iz±
 r!wpy!xzr!(yTr!i:jpqutDxzi:|!r}vKuvpqxy!~$°$j0f[uP®zjÇÍ}dj  vwf!j©cxzttqx¼°pqy!)|[uwui:jvj
®u_tqr!j~
ρ = 1.293
0i 3 Æ ν = 5× 10−5 i 2 _~Æ c = 4 iÆ d = 1 iÆ
M =
(
m 0
0 Iθ
)
, K =
(
ky 0
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